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Abstract

We consider the von Karman nonlinearity and the Casimir force to first develop a reduced-order model for a prestressed
clamped elliptic electrostatically actuated microplate, and then use it to study vibrations and pull-in instability. The
reduced-order model is derived by taking a family of linearly independent kinematically admissible functions as basis
functions for the transverse displacement. The in-plane displacement vector is expressed as the sum of displacements for
irrotational and isochoric waves in a two-dimensional medium. The potentials of these two displacement vector fields
satisfy an eigenvalue problem analogous to that of transverse vibrations of a linear elastic membrane. Basis functions for
the transverse and the in-plane displacements are related by using the nonlinear equation governing the plate’s in-plane
motion. The reduced-order model is derived from the equation governing the transverse deflection of the plate. Pull-in
parameters are found using the displacement iteration pull-in extraction method and by studying small vibrations of
the plate about its predeformed configuration. However, the effect of inertia forces on pull-in parameters has not
been analyzed. The reduced-order model for a linear elliptic micromembrane is derived as a special case of that for an
elliptic plate.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Electrostatically actuated microelectromechanical systems (MEMS) are used as transistors, switches, micro-
mirrors, pressure sensors, micro-pumps, moving valves, and micro-grippers, see for example Refs. [1-4]. An
electrostatically actuated MEMS is comprised of a conductive deformable body suspended above a rigid
grounded body [5]. An applied direct current (DC) voltage between the two bodies results in the deflection of
the deformable body and a consequent change in the system capacitance. When an alternating current is
superimposed on the DC voltage to excite harmonic motions of the system, resonant devices are obtained.
These devices are used in signal filtering and chemical and mass sensing, see for example Refs. [6—15].
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The applied DC voltage has an upper limit beyond which the electrostatic force is not balanced by the
elastic restoring force in the deformable conductor. Beyond this critical voltage the deformable conductor
snaps and touches the lower rigid plate. This phenomenon, called pull-in instability, has been experimentally
observed in Refs. [16,17]. The critical displacement and the critical voltage associated with this instability are
called pull-in displacement and pull-in voltage, respectively. Their accurate evaluation is crucial in the design
of electrostatically actuated MEMS. In particular, in micro-mirrors [2] and micro-resonators [18], the designer
avoids this instability in order to achieve stable motions; while in switching applications [1], the designer
exploits this effect to optimize the performance of the device.

For a wide class of electrostatic MEMS, the deformable electrode is a flat body whose thickness / is much
smaller than its characteristic in-plane dimension «a [19]. Such electrodes can be regarded as two-dimensional
plate-like bodies. Since h/a<1, an approximate distributed model can be employed, where the system
kinematics is described only through the displacement of points on the movable electrode mid-surface, see for
example Ref. [20]. Linear and nonlinear microplates have been studied in Refs. [21-24,60]. When the bending
stiffness of the deformable electrode is negligible compared to its in-plane stretching stiffness and g,/a <1,
where g, is the initial gap between the two plates, the electrode can be regarded as a linear elastic membrane.
The membrane approximation is valid for a/h>400, see for example Ref. [25]. Linear elastic micromembranes
have been studied in Refs. [26-31]. As discussed in Ref. [26], the plate and the membrane approximations are
accurate and reliable for many MEMS such as micro-pumps made of thin glassy polymers and grating light
valves comprised of stretched thin ribbons.

With the decrease in device dimensions from the micro to the nanoscale, additional forces on
nanoelectromechanical systems (NEMS), such as the Casimir force [32,33] or the van der Waals force [34],
should be considered. The Casimir force represents the attraction of two uncharged material bodies due to
modification of the zero-point energy associated with the electromagnetic modes in the space between them.
The existence of the Casimir force poses a severe constraint on the miniaturization of electrostatically actuated
devices. At the nanoscale, the Casimir force may overcome elastic restoring actions in the device and lead to
the plates’ sticking during the fabrication process. An important feature of the Casimir effect is that, even
though its nature is quantistic, it predicts a force between macroscopic bodies.

van der Waals forces are related to electrostatic interaction among dipoles at the atomic scale [34]. Whereas
the Casimir force between semi-infinite perfectly conducting parallel plates depends only on the geometry, van
der Waals forces depend on material properties of the media. The Casimir force is effective at longer distance
than van der Waals forces [34]. van der Waals forces are accounted for in NEMS where interactions occur at
the atomic scale, as for example in carbon nanotubes [35]. van der Waals forces are not considered in the work
presented below. The effect of van der Waals forces on the pull-in instability of electrostatically actuated
microplates has been studied in Ref. [61].

In order to alleviate difficulties associated with the analysis of distributed nonlinear systems, considerable
efforts have been devoted to developing reliable reduced-order models for MEMS. A simple lumped
spring—mass—system for estimating pull-in parameters has been proposed in Ref. [17], where the elasticity of
the deformable body is lumped into the stiffness of a linear spring. The pull-in voltage so obtained usually
exceeds that observed experimentally for many applications [36], and the pull-in displacement always equals
one-third of the initial gap. Moreover, the aforestated description does not generally incorporate inherent
nonlinearities in the restoring forces [4,37]. In Ref. [23], a reduced-order model for microplates that accounts
for the mid-plane stretching and the nonlinearity in the electrostatic force has been used to study pull-in
instability and natural frequencies of a plate predeformed by an electric field. In Ref. [36], microbeams have
been studied through a reduced-order one degree-of-freedom model, which improves the pull-in voltage
estimate of the lumped system of Ref. [17]; however, the pull-in displacement is empirically selected.
Multimode analysis of microbeams using a nonlinear beam equation has been presented in Refs. [6,38]. In
these works, the effect of the number of modes retained in the trial solution on the convergence rate of the
reduced-order model is investigated. In Refs. [39,40], a one degree-of-freedom model has been used to extract
pull-in parameters and to study the fundamental frequency of a narrow microbeam. This reduced-order model
accounts for the mid-plane stretching and fringing fields in the electrostatic load, and it is obtained by taking
the function describing the static deflection of the beam under a uniformly distributed load as the trial solution
in the Galerkin method. Reduced-order models have also been used to study the sticking phenomenon in
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NEMS due to the Casimir force. In Refs. [41,42], a distributed model for a wide microbeam incorporating
nonlinear stretching effects has been studied, while in Ref. [43], a lumped one degree-of-freedom model
has been used to analyze the stiction phenomenon between two conductors made of different materials.
In Ref. [44], the effect of Casimir force on pull-in parameters of NEM switches has been studied using an
approximate analytical expression of the critical gap generated through the perturbation theory. A review on
applications of proper orthogonal decomposition methods to MEMS analysis can be found in Ref. [45]. The
literature on electrostatically actuated MEMS is summarized in Ref. [46].

Here, we derive a reduced-order model for studying static pull-in instability and small vibrations of clamped
elliptic microplates predeformed under the combined effects of the Coulomb and the Casimir forces. Elliptic
plates are a generalization of circular plates. An advantage of the elliptic shape versus the rectangular one is
that stress concentrations usually present at corners of a rectangular plate are absent. In addition, results
derived on elliptic geometries can be useful in assessing the effect of geometrical defects on commonly used
circular shapes. Also, an elliptic plate has higher fundamental frequency than the circular plate of the same
area. Thus, for sensing applications [3,47,48], it may have higher sensitivity to applied disturbances.

Following Ref. [49], we use the large transverse displacement-small strains plate theory [50] by
incorporating the von Karman nonlinearity in the mechanical model. Since small strains are involved, we
use the parallel plate approximation for the Coulomb force and the proximity force approximation for the
Casimir force. Both these approximations are consistent with the assumption of locally parallel conductors.
Thus, the dependence of the Coulomb and the Casimir forces on the spatial derivatives of the gap g is
neglected. Fringing fields in the electrostatic force are also discarded. We use the Galerkin method to reduce
the governing two-dimensional nonlinear initial-boundary-value problem to a system of nonlinear coupled
ordinary differential equations. Static pull-in parameters are computed from the derived reduced-order model
by neglecting the inertia forces, and by solving a nonlinear algebraic problem in which both the pull-in voltage
and the pull-in displacement are treated as unknowns. For different equilibrium states up to pull-in, the
fundamental frequency of the statically deformed plate is obtained by solving the eigenvalue problem related
to small vibrations about the equilibrium position. We show that the fundamental frequency goes to zero as
pull-in conditions are approached and that the pull-in parameters derived using this technique agree well with
those obtained from the static analysis. Reduced-order models for linear elliptic membranes are obtained as
special cases of those for the corresponding elliptic plates. To our knowledge, the pull-in instability of a von
Karman elliptic microplate incorporating the Casimir force has not been investigated thus far.

The rest of the paper is organized as follows. In Sections 2 and 3, we describe, respectively, the
electromechanical and the reduced-order models for a von Karman plate under the effect of the Coulomb and
the Casimir forces. In Section 4, we briefly outline the technique used to solve the reduced-order system of
equations. In Section 5, we present static pull-in parameters and fundamental frequencies of microplates
and micromembranes predeformed by the Coulomb and the Casimir forces. Conclusions are summarized
in Section 6.

2. Formulation of the initial-boundary-value problem

Referring to the geometry in Fig. 1, we consider an elliptic plate-like body of major semiaxis ¢ >0 and minor
semiaxis 0<b<a, placed into the three-dimensional space region Q x (—//2,h/2). The mid-surface
Q is described by confocal elliptic coordinates (x', x?), that are related to rectangular Cartesian coordinates
(z',2%) by

5 , xel0,x], x*e[0,2n), (1)

z! = 4@ cosh x! cos x2,
72 = @ sinh x! sin x2,

where ©* = 1 — b?/a® and x} = arctanh(b/a), see for example Ref. [51].

Let vand T be a vector field and a second-order tensor field in €, respectively. In elliptic coordinates, the
physical dimensions of the covariant components v; and T'; equal, respectively, Length and Length? multiplied
with physical dimensions of the corresponding fields. For example, the physical dimensions of the covariant
components of the in-plane displacement field are Length’, and the physical dimensions of the covariant
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Fig. 1. Sketch of the electrostatically actuated device.

components of the in-plane stress field are force. In elliptic coordinates, the covariant, mixed, and
contravariant components of the in-plane identity tensor are given by az@zxé,-j, d,, and a2 2y 167,
respectively, where

5 _ s 1 ifi=j,
0 =0;=0;=0"=9¢ ;i )
is the Kronecker delta, and the field y is given by
2(x",x?) = L(cosh 2x! — cos 2x?), (3)

see for example Ref. [51].

We assume that the initial gap g, between the two conductors and the thickness / of the deformable plate
are much smaller than the characteristic length a and that g, and / can be of the same order of magnitude.
Therefore, the maximum displacement that the device can undergo is of the order of the plate thickness /4, but
it is much smaller than the characteristic length a, since s1/a< 1. This implies that strains in the deformable
electrode are small. Under these assumptions, we use the von Karman plate theory to account for large
deflections and small strains, see for example Ref. [50]. Neglecting the effect of the rotatory inertia, the von
Karman plate equations in elliptic coordinates are [50]

. D & (1w ho 9 (1 ow
ohw + a4@4xaxkaxk (zaxjﬁxj) - a4@4X@ (}O'jk @) —F,—F.=0, (4a)
. 1 )
Qui_mﬁij“j:(), l=1,2. (4b)

We use the Einstein summation convention, meaning that when an index appears twice in a single term we
sum over the range {1, 2} of the index; gy is the covariant derivative of the covariant components g; of the in-

plane stress tensor field, that is,
0o / /
Tille = 5k~ {ik}‘”f N {/k}”"’ ©)

i _1 i 01 : Ox s O

Furthermore in Eqs. (4), D = Eh’ /(12(1 —v?)) is the bending stiffness of the plate; ¢, E, and v are the mass
density, the Young’s modulus, and the Poisson’s ratio of the plate material, that is assumed to be

with the fields { jfc} defined by
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homogeneous and isotropic; u; and w are the in-plane and the out-of-plane displacements of a point on the
mid-surface; F, and F, are the Coulomb and the Casimir forces; and a superimposed dot means time
derivative. Expressions for the Coulomb and the Casimir forces are discussed below.

For a circular plate, @ = b, and one needs to write Egs. (4a) and (4b) in a different form.

We further note that when ¢; = 6a2@2;(5ij~, where @ is a scalar field having dimensions of stress, and the
rigidity due to in-plane stretching dominates over the bending stiffness in supporting the external load,
Eq. (4a) reduces to the equation governing the deformations of a linear elastic membrane.

In the von Kdarman plate theory, the covariant components ¢; of the in-plane strain tensor in elliptic
coordinates are given by

o 1 ot 4t 4 Oow Ow %)
/) illj Jlli oxiox )’
where the covariant derivative of the in-plane displacement field is given by

Gui k
Uilj =57~ {U}“k )

Assuming the response of the material to be linear elastic with the prestress Eaz@zxé,-j in the reference
configuration, the constitutive relation under the Kirchhoff assumption is, see for example Ref. [52],

E v —
ojj = 1—_'_‘} (8’] + mﬁkké[j) + O'azgz}{éjj. (9)

Substituting for ¢;; from Eq. (9) into Eq. (4), assuming that & is a constant scalar field, and using Eq. (7), we
obtain the following equations for u; and w:

v s D /1 Pw B 0 [1/1 duy 5\ o
¢ W+a4@4;{6xk6xk ovox ) detyod \y 5(”j||k+uk\u)+@ ik ) 3k

B 0 (10w 0w ow oh o*w
R R — TN i~ 1~ -~ T T A N o~ F() - F(.' = Py 1
2040y 0x/ (;{ ox! ox! 6x/> 2%y 0x/0x/ ' 0 (102)
. B 1—v 0 (1 0uy B 1 /0w Oow 0 /10w ow
ohii yEry ( Pl +(1 475 (Xéxk)> 220 <( V)X (ax’ axk>”k v (Xaxk axk>>
(10b)

where B = Eh/(1 —v?) is the stretching stiffness of the plate.

From an electrical point of view, the system behaves as a variable gap capacitor. We do not consider
fringing fields in the present work. By assuming that g,/a <1, the magnitude F, of the electrostatic force
acting on the deformable electrode along its normal is given by, see for example Refs. [5,53],

€ VZ

- _ L 11
2g3(1 + 1) (b

where W = w/g, is the non-dimensional transverse displacement, and ¢, is the dielectric constant in vacuum.
Therefore, the expression for the electrostatic force at a point on the plate depends only on the local gap g.
Thus, the validity of the analysis is limited to those variable gap capacitors whose actual gap is differentially
uniform, that is, the two conductors are locally parallel to each other, see for example Refs. [5,53].

We use the proximity force approximation for the Casimir force F,, that is consistent with assumptions
made in the mechanical and the electrostatic models. In the proximity force approximation, curved surfaces
are viewed as a superposition of infinitesimally small parallel plates, see for example Refs. [54,55] and
references therein. In Ref. [55], it is shown that for a sphere of radius R separated from a flat plate by a
distance g, the proximity force approximation gives results within 1% accuracy for g/R<0.1. By adopting this
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approximation we have

2
Fo—_ hen ’ (12)
240g3(1 +)*

where # is Plank’s constant and ¢ the speed of light in vacuum. Corrections to Eq. (12) for geometries with
known and fixed departures from the parallel configurations are given in Refs. [54,55]. However, Eq. (12) is
consistent with the parallel-plate approximation for the electrostatic force and with the small deformations
assumption in the mechanical model. Both the Coulomb force and the Casimir force are assumed to act along
the normal to the undeformed plate. Thus effects of changes in their orientations due to plate’s deformations

have been neglected.
For convenience, we introduce the non-dimensional time 7 = ¢/t, where the characteristic time is defined by

,  1204*0"
U=
Eh

and the non-dimensional in-plane displacement components ; = u;/ g%, with i = 1,2. Henceforth, we use a
superimposed dot to denote time derivative with respect to 7. Also, we drop the superimposed hat on non-
dimensional variables. Thus, Eqs. (10) become

+1 o 1 o*w 1200 0 (1 1(u~ S A)+6u;5‘ ow
% OxkOxk \ 3 0x/0x/ 7 0x \y \2 VIR TR T A Sk ) Xk

(11— (13)

600 O [(10wowdw\ S *w ! M
5 oa Gavenw) ~ vy eyt G = (4
. Uik 0 /(10w 1 /0w Ow 0 /10w ow
i —(1— - — = =0 -V —= — ===, 14b
vit = (=) 1 (1+) ox! <}5 Oxk ( v)}( oxioxk ) + ox ¥ Oxk Oxk (145)
where
2 — 202 2
' Ga-© 5 h
=0 -1 1=V, p=—
1= PE g ) 1= e
. 6gVate* hem2a* @4
/“:0733(1_‘)2)7 M=735(1—V2)~ (15)
Enh’g; 20ER° g,

Non-dimensional parameters f, 4, and u are indicators of the MEMS relative stiffening due to the initial
stress, the Coulomb force, and the Casimir force, respectively. Their values depend upon the elastic moduli of
the material of the plate, the initial gap g,, the plate thickness, and its geometry. With values of all other
parameters kept fixed, a decrease in the initial gap g, increases u significantly more than it increases A. Since
the von Karman approximation holds for //a < 1, we neglect in-plane the inertial term in Eq. (14b) and obtain
the following simplified form for the in-plane motion:

1 0 [10u 1 /Ow Ow 0 /10w ow
I —v)—u TR WY (il IS B el ) N (il iclih 16
( V)qukk +(1+) ox! (;{Gx") ( v)x <6x’ axk)”k " ox (Xaxk axk) (16)

We note that Eq. (16) links the in-plane and the transverse displacements.
We consider the boundary I of Q to be clamped. The kinematic boundary conditions for a clamped edge
are [56]

w=0 and 2 _o, (17a)
Ox!
w=0, i=1,2. (17b)

Initial conditions are not needed since we cither study static deformations of the MEMS or analyze resonance
frequencies of small vibrations around an electrostatically deformed configuration.
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3. Reduced-order system
A closed-form solution of the initial-boundary-value problem defined by Egs. (14a) and (16) and boundary

conditions (17) cannot be found. An approximate solution is constructed by expressing the displacement fields
u;, with i = 1,2, and w through

N

w220 = (!, ) (1) = W, X)), (18a)
n=1
P

wi(x', 32, 0) =Y i, ¥)E) (1) = UT(x, X&), (18b)
p=1

where W, and uy); are basis functions for the transverse and the in-plane displacements, and {.,, and ¢, are
the corresponding amplitude parameters or equivalently the mode participation factors. Basis functions
are collected into the N-vector W and into the P-vector U, and amplitudes are collected into the N-vector {
and into the P-vector &. Each basis function satisfies the corresponding kinematic boundary conditions in
Egs. (17a) and (17b).

3.1. Basis functions for the in-plane displacement

A basis function for the in-plane displacement is determined by solving the following linear eigenvalue
problem associated with Eq. (14b), see for example Ref. [50],

10u

1+ (1 — I (14 )— (——§> =0, (19)
% Ox

where x is the wave number. Following Ref. [50], we decompose the in-plane displacement as &; = i} + i,

i =1,2, where @@ and @' are displacements associated, respectively, with the longitudinal and the transverse

waves, and satisfy

k

8/3 axk (20a)
o,
=0 (20Db)

where efk = 0 if any of the two indices are equal, and efk = +1if {i,j, k} is an even or an odd permutation of
{1,2,3}. Therefore, Eq. (19) is equivalent to the following two equations [50]:

W + 20m; = 0, 21a)

Wy + 2170 = 0, (21b)

where 1, = k/+/2 and 1, = x/+/1 — v are the wavenumbers of the longitudinal and the transverse waves,
respectively.

Using Eq. (20a), we solve Eq. (21a) by introducing the scalar potential ¢ through @’ = 0¢/dx'. Therefore,
within an arbitrary additive constant, Eq. (21a) reduces to

¢

soog T 2i2(cosh 2x! — cos 2x?)¢p = 0, (22)

where 27, = n,,.

In order to solve Eq. (21b), we use Eq. (20b) to introduce the vector potential ®;, j =1,2,3, through
ul = —dk6¢//axk. Since u! are components of an in-plane vector field in Q, we have that 0@, /0x? = 0®,/0x!.
Moreover, since the components of the vector potential are also in-plane fields in @, we have
0®,/0z = 0®,/0z = 0. 1t follows that, by defining the scalar field ® = ®;, we can write u! = —e*dd/ox*.
Therefore, within an arbitrary additive vector field satisfying Eq. (20b), the vector eigenvalue problem defined
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by Eq. (21b) reduces to the scalar one
o'

oo T 2i?(cosh 2x! — cos 2x%)® = 0, (23)

where 27, = 1,.

By integrating Eq. (20) over the domain Q and by applying the curl and the divergence theorems to
transform surface integrals into line integrals, Eq. (20) implies the following set of boundary conditions for the
displacements associated with the longitudinal and the transverse waves

wW(xp,x*) =0, w(x),x*) =0. (24)
Additional boundary conditions provided by Eq. (17b) are:
(xhy x%) = Wy}, 0 = 0, Wy(xp,x7) = T (xj, x7) = 0. (25)

We note that the governing equations for the potentials ¢ and @, that is, Egs. (22) and (23), respectively, are
equivalent. Nevertheless, the normal and transverse displacement fields are generally different since the relation
between them and their corresponding potentials are different. The general solution of Egs. (22) and (23) is [57]

Px', o) = A5 Cen(x!, g)cen(, q) + Y A7Ser(x', g)se (7, g), (26)
m=0 r=1

where AC and AS are real constants, Ce,, (1, q) = ce,,(in, q), Se.(n, q) = se,(i,q), 1 = ~/—1, ce,,;, and se, are the
Mathleu cosine and the Mathieu sine functions of integer order. The characteristic parameter q equals 12 /4 and
77 /4 for normal and for transverse waves, respectively. Functions %! and u! are given by

-

Hl = @
6C n

= 3T (1 e (2, q>+Z a 5 (! gse (9, (27a)
m=0
oY
Mz = @

= ZA Cen(x', ) e'"( ISPt a (29, (27b)

r=1
0 0
u = — 6‘@, n;:%. (27¢)

By imposing boundary conditions (24) and (25) on different families of independent functions, we find the
characteristic equations

0Ce,,

e (x4, P) =0, Ceplx),p) =0, (28a)
0Se, .

3 O D =0, Se(x;,q)=0. (28b)

The roots of the characteristic equations (28) have been found with a computer code written in Mathematica
using the built in functions MathieuC and MathieuS. The components of basis functions for the in-plane
displacement are, therefore, given by the following families of functions:

_ 0Ce,, . .
Hayi(x', x?) = AL ox! (X, P )CCm (X, P (29a)
dce,,
u(q(p+1)+az)l(x X ) = A Cem(x ’pmn) ox B ( 5pmn) (29b)

ﬁ(2§@+1)+a3)i(xlsx2) = m a 1 (X q)n)ser(x %n) (290)
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Ose; .
2 (x%q,), i=1,2, (29d)

7 1,2 4 1
u(§(3l_)+2)+a4)i(x » X ) = Arnser(x 5 qrn)

where
ag=a=mg+n, az=as=F—1)g+n,
m=0,....,p, r=1,....,p, n=1,...,9q. (30)

The characteristic values p,,,,, Pyun» 4> @0d q,,, are the nth roots of the characteristic Eqs. (28). The number of
basis functions for the in-plane displacement in Eq. (18b) is P = 2¢g(1 + 2p).

3.2. Basis functions for the transverse displacement

As basis functions for the transverse displacement we use the following family of functions:

Ceo('xlsrﬂ) Ce()(xl,—rn)

Ceo(xlljsrl‘l) Ceo(x[]ﬁ _rn)

W(n)(xlﬂxz)zAn( >Ceo(x27rﬂ)7 n= 17"°>N> (31)

where A, is a constant, and the characteristic values r, are determined as roots of the transcendental equation
6Ceo GCeO 1 1
oxl oxl (xp, —1)Ceo(x,,1) = 0. (32)
Basis functions in Eq. (31) satisfy boundary conditions (17a) and are symmetric with respect to both the major
and the minor axes [57], thereby ruling out a solution (if there is one) that is asymmetric about either one of

the two axes. The roots of the characteristic Eq. (32) have been found with a computer code written in
Mathematica and based on the use of the built in function MathieuC.

(x[lv r)ceo(xllya —}") -

3.3. Relation between & and {

In order to express & in terms of {, we substitute from Eqgs. (18a) and (18b) into Eq. (16), take the
inner product of both sides of the resulting equation with the in-plane mode %), and integrate over the
domain Q. Applying the divergence theorem and imposing boundary conditions (17b) on the boundary
integrals we obtain

& = CTHpL, (33)
where the (N x N) symmetric matrix H,) is given by
1 _ OWm) OW() aﬂ(p)k Wy OW(r)
H =— [ (- ; . : - 1dQ
Holon /QX2 (( Vit ox/  Oxk Y oxk ox ow

1 -1
X (/QP((I — V)ﬂ(p)j”ka(p)ﬂ\k +(1+ V)(ﬁ(p)kuk)z) dQ) , mn=1,...,N (34)

The covariant derivative %,);; is computed according to the formula given as Eq. (8).

We note that all amplitude coefficients for the transverse displacement are needed for computing any
amplitude coefficient of the in-plane displacement field. In addition, we note that the relation between the
in-plane motion and the transverse motion is nonlinear, and that the in-plane motion vanishes in the linear
theory. Because of the P internal constraints (33), the reduced-order model for the microplate has N degrees of
freedom.

3.4. Egquations for the reduced-order system

The reduced-order model is obtained by premultiplying both sides of Eq. (14a) by W, integrating
the resulting equation over Q, and substituting into it the approximations given by Egs. (18) and (33).



948 R.C. Batra et al. | Journal of Sound and Vibration 315 (2008) 939-960

Therefore, we obtain

. 1 & 1 o 19 /1
T - T - T
/wa cds2+/gwy ST (,{ax@ -(W c)>d9 120(/QW x@x’( gjkéxk(w c)>

1 0 [1O(WT)Ba(W'Y) a(WTC) 1 W'
_ 6oc/QW Y ow <x oxk  oxk >dQ ﬁ/ xfax/( §)de
w
i ——_de 49 =0, 35
/9(1+ch)2 +“/Q(1+ng)4 (35)
where
P P
g =Y Ep@Vii = Y_CHp)V i (36a)
p=1 p=1
1— Ot
Vipig = ( )(u(p),u, + Ugpyi) + V( 3 ;3/() 0. (36b)

From Eqgs. (34) and (36), we note that the normalization constants introduced in Eq. (29) do not affect ;. We
now define the following (N x N) matrices:

l aW(m) aW(n)
¥ 0X 0Ox

(D], = (37a)

_ 1 GZW(m) sz(n)
(Ll = %2 0x/0x OxkOxk’

(37b)

Ejic 6W(m) aW(n)
Gl =% m 2w 37c
[ ]mn X2 axl axk ( )
with m,n =1,...,N. Using the divergence theorem and imposing the boundary conditions in Eq. (17a), we
obtain the following equation for the reduced-order system:

m( + (k; + fka + oks (D)) + Q) + pf(0) = 0, (38)
where

= [ ww'ldgQ, 39:
m /Q (392)
k; = [ LdQ, k,= [ DdQ, 39b
1 /Q Dk /Q (39b)
k3() =12 / <G+1(CTDC)D)dQ, (39¢)

Q 2

w w

In Eq. (38), (k; + fk;) represents the stiffness of a linear elastic plate, and oks;({) represents the strain-
stiffening effect.

We note that the system represented by Eq. (38) depends on N displacement unknowns. As shown below,
N =1 gives very good results.
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4. Static pull-in parameters

The tangent stiffness matrix of the reduced-order system is given by

K, 4, 1) = ki + pka + ak3(§) + o dlz;(:(C)C + A df(;f) udfc;f), (40)
where
df.(9) ww' df.(0) ww'
=-2 dQe =—4 | ———dQ 41
d¢ /o(l +WIg T de /Q(l + W) 40
From Eqgs. (36a) and (37c), we obtain
d[G L OV () O
'""c = [2 Z( Vo a‘fjk>>cTH<p>] ¢ = 2(Gl,. (42)
p=1
and similarly
d¢"DO)D
9€ DI ¢ _ 5D, 43)

d¢
Differentiating both sides of Eq. (39¢) with respect to ¢, and substituting from Egs. (42) and (43) into the
result, we get

dks({)
d¢

¢ =2k3(0). (44)

Therefore, Eq. (40) can be rewritten as

df, df,
K(¢, 7, 1) = kg + ko + 3aks() + 4 déC) u déC).

In what follows, we discuss two equivalent methods to extract static pull-in parameters. The first one is based
on the solution of the static problem, while the second one is based on the study of small vibrations of the
system around static equilibria. The method based on frequency analysis can be used to experimentally
determine the pull-in voltage [9].

(45)

4.1. Extraction of pull-in parameters from the static problem

At the onset of instability the system’s tangent stiffness matrix becomes singular. Therefore, at pull-in the
system satisfies Eq. (38) with { = 0 and the additional condition

det K(¢, A, ) = 0. (46)

Critical value of u: The static problem is solved for 4 = 0 to compute the critical value, g, of the Casimir
force parameter. When u = p, the system collapses spontaneously without applying any voltage, that is, with
V' = 0. Thus, such a MEMS can not be fabricated.

Pull-in parameters: The effect of the MEMS size on pull-in parameters Ap; and ||wpy||, is investigated by
solving Eq. (38) with variable A for different values of p in the range [0, u.]. The pull-in instability
(Zp1, lIwpilloo) Occurs when the curve [|wl|o (4, u) becomes multi-valued. Here || - || is defined as max i ycql - |.

We use the displacement iteration pull-in extraction (DIPIE) algorithm [58] to solve Eq. (38) with { = 0.
This algorithm enables one to find the complete bifurcation path by driving the system through the
displacement of a pre-chosen point (X!, %%) € Q and by treating the load parameter (either 4 or ) as unknown.
The method is explained for the case of variable A and fixed u. When studying the behavior of the system
under the effect of the Casimir force only, that is, for 4 = 0 with varying u, exactly the same procedure applies
except that the roles of the two parameters are reversed.

A parameter s, representing the deflection of a point (X',X%) € Q, is added. Both ¢ and A are regarded as
functions of s. If the solution ({;_;, Zi—) of Eqgs. (38) and (46) at the (i — 1)th load step s;_; = WI(x!,%%){;_, is
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known, then the solution ({;, ;) = (§;_y, Ai—1) + (AL;, A4;) corresponding to s; = s;—; + As; is obtained by
solving the following system of equations:

(ki + fky + ak3(§))E; + Afe(§) + uf(§) = 0, (47a)

WIGEL X = i (47b)

The index i here refers to the ith load step rather than to the component of a field along the x’ coordinate. The
solution of the set of nonlinear Eqgs. (47) in terms of the unknowns A¢; and A/; is found by using Newton’s
iterations. Hence, at the generic jth iteration, we have

() i
b 5 o

WiEL ) 0 ALY

(ky + ks + aks @NEY + 2P1eCP) + pf ()

=— . , 48
W) -, @

where (ACE/), Aﬂvy)) indicates the jth solution increment, and (c?),x?)) is the updated solution at the (j — 1)th
iteration. That is,

' j—1 ) Jj-1
LR AN DY VLA (RIS o Vi) 9)
k=1 k=1

The iterations are performed until
max[|A|, AL ) <er, (50)

where ¢ is a preassigned small number.
The pull-in value of 4 equals the maximum value of A for which Egs. (47) have a solution.

4.2. Extraction of pull-in parameters from the linear eigenvalue problem

The natural frequencies, o, of the deflected plate at a given converged solution (;, 4, 4;) up to pull-in are
found as follows. We set 4 = 4; and p = p; in Eq. (38), and we perturb the equilibrium state ; with a harmonic
term exp(iwt) as §;(¢) + ¢ exp(iwt), where ¢ is a constant vector and 16,1 <Ig;1l. By retaining only terms linear
in {, we obtain the followmg equation for the determination of w:

det(K(G;, 4, ) — 0’m) = 0. (51)

Since the tangent stiffness matrix becomes singular at pull-in, it follows that at the pull-in at least one natural
frequency of the system equals zero. This can be viewed as an alternative way of defining the static pull-in, see
Refs. [6,9,23,24].

5. Results

We have developed a computer code, in Mathematica, to solve the system of nonlinear Eqgs. (47) for the
pull-in parameters and to compute the lowest eigenvalue from Eq. (51).

Integrals appearing in the reduced-order model for the microplate have been evaluated using the Gauss
quadrature rule by placing 21 x 21 quadrature points in the region [0, xl',] x [0,2x]. It was found that the
consideration of additional quadrature points did not improve the solution accuracy. A large number of
integration points are needed since integrals are defined over the entire elliptical region.

Results presented below for clamped elliptic plates are for v = 0.25. We apply constant increments |As;| =
10~ to extract pull-in parameters with the DIPIE algorithm. Tolerance ¢7 in Eq. (50) equals 10~. For /. = 0
and p = 0, the numerical scheme is started with sy = 0, consistent with the assumption that the corresponding
deflection of every point on the plate’s mid-surface is zero. We impose the displacement s at the point
&, %) = (0,7/2).

We solve the problem for 4 = 0 to determine the critical parameters ({;, 4., ), corresponding to the collapse
of the system with zero applied voltage, that is only due to the Casimir force. When solving the problem with
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variable / and assigning values to u in the range [0, u,], the DIPIE scheme is started with s) = WT(x',%%)¢ 0
where {, is the converged set of deflection parameters corresponding to 4 = 0.

Results are computed with g = p in Eq. (29). Thus the total number of basis functions used to approximate
the displacement field equals N + P = N + 2p(1 + 2p), see Section 3; whereas the total number of degrees of
freedom equals N.

5.1. Pull-in parameters from the analysis of the static problem

Tables 1 and 2 show the critical Casimir force parameters ||we| o and g, extracted for o =1, f =0, two
aspect ratios b/a, and different values of p, g, and N in Egs. (29) and (31). For the same number of basis
functions for the in-plane displacement, solutions computed with N =1 differ from those computed with
N = 5 by only ®1%.

According to values listed in Tables 1 and 2 we adopt p = ¢ =2 and N = 1 to compute results presented
below. Thus the reduced-order system has 1 degree-of-freedom and 20 basis functions for the in-plane
displacement.

For o = 1/(12(1 —v?)), B =0, and b/a = 0.99, the converged pull-in parameters |[wpi |l = 0.470 and ip; =
14.4 match well with the corresponding ones ||wpi|lo, £0.47 and Jp; X 14 obtained from Fig. 2 of Ref. [24],
wherein the reduced-order model for a circular von Karman microplate has been formulated in terms of the
transverse displacement and the Airy stress function. This validates our model and provides additional
justification for taking p =g =2 and N = 1.

In Fig. 2, we plot p, versus b/a for « = 1 and 4. Due to an increase in the stiffness of the system with a
decrease in the aspect ratio b/a, the critical value of the Casimir force parameter increases significantly with a
decrease in b/a. The critical Casimir force parameters data (points in Fig. 2) are fitted with a fourth order
polynomial in a/b (solid lines in Fig. 2):

for =1 (oc)(l + (g)z + (%)4) (52)

Table 1
For b/a = 0.5, the critical Casimir force parameter y. and the corresponding pull-in displacement infinity norm [|we ||, with different
number of basis functions for the in-plane and the transverse displacements

N Iverllo o

P.9=p P.q=p

1 2 4 1 2 4
1 0.316 0.311 0.310 64.7 63.9 63.8
3 0.313 0.308 0.308 64.4 63.6 63.6
5 0.313 0.308 0.307 64.4 63.6 63.6
Table 2

For b/a = 0.75, the critical Casimir force parameter y and the corresponding pull-in displacement infinity norm ||we,||o, With different
number of basis functions for the in-plane and the transverse displacements

N [[Werll oo Her
P.q=p Pg=p
1 2 4 1 2 4
1 0.304 0.302 0.302 25.2 25.1 25.1
0.300 0.299 0.299 25.2 25.1 25.1

5 0.300 0.299 0.299 25.2 25.1 25.1
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Fig. 2. Variation of ., with the aspect ratio b/a for (a) « = 1 and (b) o = 4.
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Fig. 3. Variation with o of the function f(«) in Eq. (52).

The function f'(x) is plotted in Fig. 3 for o € [0, 4] with the solid line corresponding to the function
f(o) = 2.63 4+ 0.185¢:. (53)

Eq. (52) can be solved for a/b in terms of o and . Among the four roots, the only one real and positive
root is

a_ \/\/1 ~ () — 1 54

b 2 ’
for (o, ) <0, where

MCI‘
CHTES @ (55)
Thus, since p, is a monotonically increasing function of a/b, for a given o Eq. (54) yields the minimum ratio
a/b of the elliptic MEMS that can be safely fabricated.

We note that u., rapidly increases with an increase in a/b. Hence for the same value of g,//, a clamped
elliptic plate with a large value of a/b is less likely to collapse during the fabrication process than a clamped
circular plate with radius equal to a.

Pull-in parameters versus u in the range [0, u.] for « =1, f =0, and two aspect ratios of the plate are
plotted in Figs. 4 and 5. As u increases, the pull-in parameter Ap; decreases monotonically from its maximum
value /p;™* corresponding to 1 = 0 to its minimum value 0 for u = p; p = p,, represents the intersection of the
curves with the horizontal axis. With an increase in u the non-dimensional maximum transverse displacement
decreases monotonically from its maximum value ||wpf]on™ for u = 0. This means that reduced deflection
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Fig. 4. For an elliptic plate with o« =1, § = 0 and b/a = 0.5, the variation with u of (a) Ap; and (b) ||wpi |-
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Fig. 6. Deformed shape of the elliptic plate with b/a = 0.75 foro =1, f = 0, u >~ 0.3y, 4 > 30, and ||w],, =~ 0.41, and fringe plots of the
Casimir pressure.

ranges are allowable for small devices. By comparing results depicted in Figs. 4 and 5, we conclude that a
decrease in the aspect ratio of an elliptic plate from 0.75 to 0.5 significantly increases Ap;™, and it does not
noticeably affect the difference [[wpr|loe™ — [[Werlloo, Where [[Werlloo IS [[Wprlls corresponding to 4 = 0.

Fig. 6 exhibits the deformed shape of the plate with b/a = 0.75 near pull-in for p >~ 0.3y, i.e., when
A =2~30 and |w|,, =~ 0.41. Fringe plots of the Casimir pressure given in Eq. (12) are also shown on the

deformed shape of the plate. It is clear that boundary conditions in Eq. (17a) are well satisfied, and as
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Fig. 7. Normalized fundamental natural frequency versus A for u = 0 (solid line), u >~ 0.3y, (dashed line), and « =4, § = 0; (a) b/a = 0.5
and (b) b/a =0.75.
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Fig. 8. Normalized fundamental natural frequency versus 4 for u = 0 (solid line), pt =~ 0.3y, (dashed line), and o = 1, f = 0; (a) b/a = 0.5
and (b) b/a =0.75.

expected, the absolute value of the Casimir pressure is maximum around the plate centroid and minimum at
points near the supports.

5.2. Pull-in parameters from the analysis of frequencies of a deformed plate

In Fig. 7, we plot for two aspect ratios the fundamental natural frequency wg of the deflected microplate
versus 4 for a =4, f =0 (that is, no initial stress) and two different values of u. The natural frequency is
normalized with respect to the value @, corresponding to 4 = 0. The trend is non-monotonic due to the
combined effect of the strain hardening represented by k;3({) and the softening effect introduced by the
Coulomb and the Casimir forces. Indeed, from Eq. (41) it is clear that the overall effect of the Coulomb and
the Casimir forces is equivalent to a nonlinear spring with negative tangent stiffness. When the overall strain-
hardening effect is negligible, for example when u =~ 0.3y, the fundamental frequency monotonically
decreases to zero, as typically predicted by the linear theory.

The pull-in parameters correspond to values of 2 when the fundamental frequency of the deflected plate
vanishes. Values of / for which the lowest frequency approaches zero match with values of Ap; obtained from
the analysis of the static problem described above.

Results in Fig. 8 show that for « =1 and f =0 the fundamental frequency monotonically decreases,
meaning that in this case the softening effect related to the Coulomb and the Casimir forces overwhelms the
strain hardening effect, induced by the stretching of the plate.

Pull-in parameters computed herein have not been compared with experimental data since none is available
in the current literature.
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Fig. 9. For o = 1 (solid line) and o = 4 (dashed line), variation with f§ of the critical Casimir force parameter y, for (a) b/a = 0.5, and
(b) b/a=0.75.
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Fig. 10. For a =1 (solid line), o = 4 (dashed line), and u = 0, variation with f of the pull-in voltage parameter Zp; for (a) b/a = 0.5, and
(b) b/a=0.75.

5.3. Effect of the residual stress on pull-in and critical Casimir force parameters

In Fig. 9, we plot the variation with  of the critical Casimir force parameter p . for two aspect ratios of the
elliptic plate, and also two values of «. We recall that the parameter  in Eq. (15) is a measure of the uniform
residual stress @ in the microplate. For each case examined, we observe that p . increases with increasing tensile
residual stress and decreases with increasing compressive residual stress. Indeed, from Egs. (15) and (45), a
positive increment of prestress increases the overall stiffness, whereas a negative increment decreases the overall
stiffness. Thus, the residual stress affects the minimum size of the device that can be safely fabricated.

In absence of the Casimir force, that is, for ¢ = 0, Fig. 10 exhibits the variation with the prestress parameter
p of the pull-in voltage Ap; for two aspect ratios of the elliptic plate, and also for two values of . We note that
magnitudes of the initial compressive and tensile prestresses are limited, respectively, by the buckling
instability of the MEMS and the tensile strength of the material of the MEMS.

5.4. Pull-in parameters for a membrane

For a linear elastic membrane the equation
1 o%w A
L 4+—H =0
1OV B(1+w)” B +w)
governing static deflection under the action of the Coulomb and the Casimir forces is derived from Eq. (14a)

with the assumptions that o<1 (small displacements), and > 1 (bending stiffness negligible as compared to
the stiffness due to the residual stress). Consistent with the von Karman plate theory, the additional

(56)
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Fig. 11. For an elliptic clamped membrane with b/a = 0.75, pull-in parameters versus the Casimir force parameter.

Table 3
For the elliptic membrane and u = 0, comparison of pull-in parameters from the present one degree-of-freedom model with those obtained
with the finite difference method in [29]

b/a Finite differences [29] Present work

2p1 Iweilloo 2p1 Iweilloo
0.25 6.257 0.4287 6.581 0.5049
0.50 1.912 0.4302 1.936 0.4665
0.75 1.073 0.4475 1.085 0.4575
0.95 0.8254 0.4368 0.8256 0.4562

hypothesis g, <a and h<a are implicit in the model. Therefore, the linear membrane approximation is
applicable for microelectromechanical devices that experience small deflections and for which the bending
stiffness is negligible as compared to the in-plane stiffness due to a constant prestress in carrying the external
load. Eq. (56) shows that ., varies linearly with f§ or, equivalently, that the ratio u./f is constant. The same
remark applies to Ap;/f for a given u € [0, pt,]. A reduced-order model for the linear membrane can be derived
from Eq. (38) by setting k; = ks = 0, and by computing m, k», f,, and f, in formulae listed as Eq. (39) with the
nth basis function Wi for the transverse displacement given by

Wiy (x', x%) = 4,Ceo(x', go,)ceo(x’, g,), n=1,...,N, (57)

where A4,, is a constant.

Pull-in parameters Ap;/f and ||wpill, versus u/f € [0, p./f] are plotted in Fig. 11 for a clamped elliptic
micromembrane (b/a = 0.75) by taking N = 1 in Eq. (57). They match very well with those obtained in Ref.
[29] by solving the two-dimensional governing equation with the finite difference method using a grid of
50 x 70 points in the strip [0, arctanh(b/a)] x [0,2x]. For u = 0, the non-dimensional pull-in voltage and the
pull-in maximum displacement computed with the present one degree-of-freedom model are compared in
Table 3 with those predicted by the finite difference method [29]. It is clear that the present method, by using
only one degree-of-freedom for the transverse displacement, is able to reproduce within a good approximation
results computed with 3500 degrees of freedom in the finite difference scheme.

The pull-in voltage for the elliptic membrane is considerably more than that for the circular membrane of
radius equal to the major semi-axis of the ellipse. However, the pull-in deflection is essentially independent of
the aspect ratio of the ellipse.

5.5. Remarks

In the literature, see for example Ref. [17], simple lumped models have been extensively used to analyze pull-
in instability in MEMS. Despite being very simple, the accuracy of these models is often very limited. In what
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follows we illustrate the application of the classical lumped model to the simplest case of a linear plate without
initial stress and in absence of the Casimir force. In this case, the MEMS is modeled as a parallel plate
capacitor, where both plates are rigid. The upper plate is suspended by a linear spring, and the bottom plate is
held fixed. { is the displacement of the upper conductor, and it represents the maximum value of the
displacement w of the distributed system. The lumped one degree-of-freedom model is

- A
Il =—",
1+
where k is the non-dimensional spring stiffness. The constant kK may be computed by solving a sample static
problem on the distributed system without the Coulomb force. Typically, a uniformly distributed load on the

movable conductor is considered, see for example Refs. [44,36]. In this case, the stiffness k is equal to
1/llw* ||, Where w* is the solution in elliptic coordinates of the boundary value problem

(58)

1 [1aw )\, | , o*
¥ xkoxk (} axjaxf> (%) = (1- 6% (%)
w*(x),x%) = 0, %(x},,xz)zo. (59b)

The solution of Eq. (59) is, see for example Ref. [59],

_ (cosh2x! — cosh 2:x})*(cos 2x? — cosh 2x})’

*(1 2
w*(x',x%) = 60
( ) 128(2 + cosh 4x} )sinh*x} (60)
Therefore
_ 1 _8@ + co43h 4x}) . 1)
[w*(0,0)ll oo sinh*x}
By solving the equilibrium Eq. (58) along with the pull-in instability condition
2
- =, (62)
(1+&pr)

obtained by setting the overall tangent stiffness equal to zero, we obtain the following expressions for pull-in
parameters from the lumped model

o= 3, = sk (63)

By settinga = 0, f = 0, and u = 0 in Eq. (38) we obtain the reduced-order model of a linear elliptic microplate

without the prestress and without the Casimir force. We note that by setting o = 0 there is no coupling

between in-plane and transverse displacements. Therefore, the reduced-order model for the linear plate is
independent of the number of basis functions for the in-plane displacement.

For o =0, f =0, u =0, and different aspect ratios of the elliptic plate, we compare in Table 4 the pull-in

parameters of the linear plate computed with the lumped model and with the present reduced-order model

Table 4
For the linear elliptic plate (o = 0) with f = 0 and u = 0, comparison of pull-in parameters from the present one degree-of-freedom model
with those obtained with the lumped model in Ref. [17]

b/a Lumped model [17] Present work

21 Iwetlloo 2P Iweilloo
0.50 69.9 0.333 109 0.477
0.75 19.0 0.333 43.1 0.471

0.95 10.5 0.333 17.2 0.471
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with N = 1. The lumped model gives inaccurate results with respect to the converged solution of the reduced
order model proposed in the paper, with the error for Ap; as high as >~ 56% when b/a = 0.75.

The reduced-order models presented herein can be employed to select among several possible designs of
MEMS. The final few designs can then be thoroughly studied with a three-dimensional finite element (or any
other) code to see if the pull-in parameters and the maximum stresses induced in the deformable plate stay
within the design limit. The pull-in parameters under effects of the Casimir and the Coulomb forces for
circular and rectangular plates have been studied by Batra et al. [62].

We note that the relation given by Eq. (12) for the Casimir force between two parallel plates is valid when
the gap between the two plates exceeds 1 um, see Ref. [33]. Thus results presented herein are valid for initial
gap between the two plates of a few micrometers. For initial gaps of the order of a few nanometers, one needs
to consider the van der Waals force rather than the Casimir force [33].

6. Conclusions

We have derived reduced-order models for clamped microelectromechanical von Karman elliptic plates
subject to both the Coulomb and the Casimir forces. The nonlinear governing equations for the three
displacement components are coupled. Static pull-in parameter, and small vibrations about equilibrium
configurations of a plate statically predeformed by the applied voltage and the Casimir force are analyzed. The
first natural frequency rapidly drops to zero when the applied voltage approaches the pull-in voltage.

We have employed the Galerkin method using basis functions defined on the entire domain and satisfying
prescribed kinematic boundary conditions. The method is meshless in the sense that no discretization of the
domain is required. It is found that 20 basis functions for the in-plane displacement and 1 basis function for
the transverse displacement give converged results. Because of the coupling between in-plane and transverse
displacements, the number of degrees of freedom in the reduced-order model equals the number of basis
functions for the transverse displacement. Accurate values of the pull-in parameters can be obtained with 6
basis functions for the in-plane displacements.

The reduced-order model for a plate is simplified to that for the corresponding membrane by neglecting the
bending stiffness of the plate. Pull-in parameters for elliptic membranes from the one degree-of-freedom model
are found to agree well with those obtained by solving numerically the complete set of governing equations
with the finite difference method using 3500 grid points. Thus the present approach is considerably more
computationally efficient.

Critical values of the Casimir force parameter for the elliptic plates and membranes have been determined.
These give dimensions of MEMS that can be safely fabricated.
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